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Abstract. We study the effective theory of soft photons in slowly varying electromagnetic
background fields at one-loop order in QED. This is of relevance for the study of all-optical
signatures of quantum vacuum nonlinearity in realistic electromagnetic background fields as
provided by high-intensity lasers. The central result derived in this article is a new analytical
expression for the photon polarization tensor in two linearly polarized counter-propagating
pulsed Gaussian laser beams. As we treat the peak field strengths of both laser beams as
free parameters this field configuration can be considered as interpolating between the limiting
cases of a purely right- or left-moving laser beam (if one of the peak field strengths is set to zero)
and the standing-wave type scenario with two counter-propagating beams of equal strength.
1. Introduction
Apart from the classic result for infinitely extended constant electromagnetic fields [1], only a few
exact results for the one-loop effective action in specific (one-dimensional) field inhomogeneities
are known explicitly, cf., e.g., [2–4], and [5] for a review. The effective action vanishes identically
for the case of a single monochromatic plane wave field [6]. For the one-loop photon polarization
tensor, analytical expressions are only known for constant [7] and plane-wave fields [8, 9].
Contrarily, the field configurations delivered by high-intensity lasers do not belong to any of these
classes [10]. Typically, they are rather spatially and temporally confined and inhomogeneous [11].
2. The locally constant field approximation
Many experimentally relevant field configurations are amenable to a locally constant field
approximation (LCFA): In the limit of low-frequency fields, the typical distanced probed by
virtual electron-positron fluctuations are of the order of the electron Compton wavelength
λc = 3.86 · 10−13m. By definition the scales of variation λ of low-frequency fields are large
in comparison to λc. Hence, these fields do not change much over distances of the order of λc
and can be approximated as locally constant. In constant electromagnetic fields the entire field
dependence of the effective action S ≡ S(F ,G2) is in terms of the gauge and Lorentz invariants
of the electromagnetic field: F = 14FµνFµν = 12 ( ~B2 − ~E2) and G = 14F ∗µνFµν = − ~E · ~B. Here
∗Fµν = 12ǫ
µναβFαβ denotes the dual field strength tensor; ǫ
µναβ is the totally antisymmetric
tensor, fulfilling ǫ0123 = 1. As the effective action is a scalar quantity and G is a pseudoscalar,
the latter dependence is in terms of G2. Our metric convention is gµν = diag(−1,+1,+1,+1),
and we use units where c = ~ = 1. The LCFA amounts to substituting Fµν → Fµν(x), such
that the effective action becomes a functional of Fµν(x),
S(F ,G2) =
∫
d4xL(F ,G2) → S[F(x),G2(x)] =
∫
d4xL(F(x),G2(x)) . (1)
Of course, the LCFA inherently neglects derivative terms, and the resulting effective Lagrangian
L(F(x),G2(x)) is fully local. Nevertheless, this approximation grasps the essential features of
the field inhomogeneity. Deviations from the unknown full result are expected to be suppressed
parametrically by powers of the ratio λ/λc (cf. [12] for more details).
3. The effective theory for photon propagation
The effective action can be written as S[F(x),G2(x)] = − ∫ d4xF(x) + Sqc[F(x),G2(x)],
where the first term is the Maxwell action of classical electrodynamics. The additional term
Sqc =
∫
d4xLqc encodes quantum corrections and vanishes in the limit ~→ 0. Decomposing the
field strength tensor as Fµν(x)→ Fµν(x)+fµν(x) into a slowly varying background field Fµν(x)
and a dynamical soft photon field fµν(x) = i
∫
d4k
(2π)4 e
ikx
[
kµgνσ − kνgµσ]aσ(k), the quantity Lqc
can serve as generator of the effective soft photon interactions mediated by quantum fluctuations
of virtual electrons and positrons. Here, we exclusively focus on the effective action at one-
loop order, such that Lqc corresponds to the one-loop Heisenberg-Euler effective Lagrangian [1]
(for reviews cf. [13]). In this limit, the effective n-photon interaction arises from the following
interaction term in the effective action,
S
(n)
int =
1
n!
∫
d4x
( n∏
j=1
fµjνj(x)
∂
∂Fµjνj (x)
)
Lqc
(F(x),G2(x)) . (2)
At linear and quadratic order in aσ(k) this generically gives rise to a photon current,
jσ(k) ≡ δSqc
δaσ(k)
∣∣∣∣
a=0
, (3)
induced by the background field, and to the photon polarization tensor,
Πρσ(k, k′) ≡ − δ
2Sqc
δaρ(k)aσ(k′)
∣∣∣∣
a=0
, (4)
mediating between two distinct photon momenta kµ and k′µ.
The expressions for the induced photon current and the photon polarization tensor in a
background field configuration characterized by the single field strength tensor Fµν(x) [12]
can be straightforwardly generalized to a field configuration that can be decomposed as
Fµν(x) =
∑N
i=1 F
µν
i (x), where F
µν
i (x) denote the individual field strength tensors of N ≥ 1
superposed background fields. Writing the background field invariants in terms of the individual
field strength tensors Fµνi (x), we obtain
F(x) = 1
4
N∑
i,j=1
Fi µν(x)F
µν
j (x) and G(x) =
1
4
N∑
i,j=1
Fi µν(x)
∗Fµνj (x) , (5)
where both indices i and j are summed over all integers from 1 to N . In order to keep notations
compact, we henceforth omit the explicit reference to x for the field strength tensors and
the argument of the effective Lagrangian. Moreover, we make use of the shorthand notation
(kFi)
µ = kνF
νµ
i , (k
∗Fi)
µ = kν
∗F νµi and (kk
′) = kµk
′µ. In turn, the induced photon current and
the photon polarization tensor can be expressed as
jρ(k) = i
∫
d4x eikx
N∑
i=1
[
(kFi)
ρ ∂Lqc
∂F + (k
∗Fi)
ρ ∂Lqc
∂G
]
, (6)
and
Πρσ(k, k′) =
∫
d4x ei(k+k
′)x
{(
(kk′)gρσ − k′ρkσ)∂Lqc
∂F + ǫ
ρσαβk′αkβ
∂Lqc
∂G
+
N∑
i,j=1
[
(kFi)
ρ(k′Fj)
σ ∂
2Lqc
∂F2 + (k
∗Fi)
ρ(k′∗Fj)
σ ∂
2Lqc
∂G2
+
[
(k∗Fi)
ρ(k′Fj)
σ + (kFi)
ρ(k′∗Fj)
σ
] ∂2Lqc
∂F∂G
]}
. (7)
Essentially all electromagnetic fields available in the laboratory fulfill eǫ
m2
≪ 1, where we
count O(Fµνi ) ∼ O(ǫ). This suggests a perturbative expansion of Eqs. (6) and (7) in powers of
the background field strength ǫ. In particular note that{
∂Lqc
∂F
∂Lqc
∂G
}
=
α
π
1
45
( e
m2
)2{ 4F
7G
}
+O(( eǫ
m2
)4
)
. (8)
Correspondingly, the leading contribution to the photon current (6) is cubic, and the photon
polarization tensor (7) is quadratic in the background field strength. We obtain
jρ(k) = i
α
π
1
45
( e
m2
)2 ∫
d4x eikx
N∑
i=1
[
(kFi)
ρ 4F + (k∗Fi)ρ 7G
]
+O(ǫ5) , (9)
and
Πρσ(k, k′) =
α
π
1
45
( e
m2
)2 ∫
d4x ei(k+k
′)x
{
4F((kk′)gρσ − k′ρkσ)+ 7Gǫρσαβk′αkβ
+
N∑
i,j=1
[
4(kFi)
ρ(k′Fj)
σ + 7(k∗Fi)
ρ(k′∗Fj)
σ
]}
+O(ǫ4) . (10)
4. The photon polarization tensor in two counter-propagating Gaussian beams
Here, we aim at providing an explicit expression of the photon polarization tensor in the presence
of N = 2 background fields Fµν± (x), which we assume to be provided by two counter-propagating
pulsed Gaussian laser beams in the paraxial approximation. Without loss of generality, the
beams propagate along ±z, respectively. More specifically, we consider two linearly polarized
laser beams of different peak field strength E0±, but of the same frequency Ω = 2πλ and pulse
duration τ , focused to the same beam waist w0. The beam axes and foci of the two beams are
assumed to be perfectly aligned, and we assume an optimal temporal overlap of the pulses in
the focus.
The electric ~E±(x) = E±(x)~eE± and magnetic ~B±(x) = E±(x)~eB± fields of the beams are
orthogonal to the propagation direction ±~ez and are given by ~eE± = (cosφ±,± sinφ±, 0) and
Figure 1. Schematic depiction of the background field configuration considered here. Two
pulsed Gaussian laser beams propagating along ~ˆκ± = ±~ez are superposed in a counter-
propagation geometry. The associated electric and magnetic field vectors point in ~eE± and
~eB± directions; we depict the situation where φ± = 0. The widening of the beam’s transverse
extend as a function of z is described by w(z) = w0
√
1 + ( zzR )
2; the beam waist is at z = 0.
~eB± = (− sinφ±,± cosφ±, 0). Each beam is characterized by a single amplitude profile, which
can be represented as [11]
E±(x) = E0± e−
(±z−t)2
(τ/2)2
w0
w(z)
e
−
x2+y2
w2(z) cos
(
Φ±(x)
)
, (11)
with Φ±(x) = Ω(±z − t) ± zzR
x2+y2
w2(z)
∓ arctan( zzR ) + ϕ0±; see. Fig. 1 for an illustration. Here,
w(z) = w0
√
1 + ( zzR )
2 describes the widening of the beam’s transverse extent as a function of z,
and arctan( zzR ) is the Gouy phase at z. Moreover, zR =
πw20
λ
denotes the Rayleigh range which
is the distance from the focus (along z) for which the beam radius is increased by a factor of√
2; ϕ0± is a constant phase. An alternative representation of Eq. (11) is [12]
E±(x) = E0±
2
e
−
(±z−t)2
(τ/2)2
∑
l=±1
1
1± il zzR
e
−
x2+y2
w2
0
(1±il zzR
)
eil[Ω(±z−t)+ϕ0±] . (12)
For the considered background field configuration, the field invariants can be expressed as
F = −2E+(x)E−(x) cos(φ+ + φ−) and G = 2E+(x)E−(x) sin(φ+ + φ−). It is moreover useful
to introduce a normalized field strength tensor Fˆµν± as follows E±(x)Fˆµν± ≡ Fµν± . For linearly
polarized beams, this quantity does not vary as a function of space-time coordinates. It is
fully characterized by the background field alignment with eµE± ≡ (0, ~eE±), eµB± ≡ (0, ~eB±),
κˆµ± = (1, ~eE± × ~eB±) = (1,±~ez), and the in- and outgoing photon momenta k′µ = (ω′, ~k′) and
kµ = (ω,~k). In these notations we have
(kFˆ±)
µ = (kκˆ±)e
µ
E± − (keE±)κˆµ± ,
(k∗Fˆ±)
µ = (kκˆ±)e
µ
B± − (keB±)κˆµ± . (13)
Finally, it is also useful to introduce the four momentum orthogonal to the propagation directions
of the beams as kµ⊥ = (0, kx, ky, 0). In turn, the photon polarization tensor in this background
field configuration can be expressed in terms of the following analytical expression,
Πρσ(k, k′) =
α
π
1
45
( e
m2
)2∑
i=±
[
4(kFˆi)
ρ(k′Fˆi)
σ + 7(k∗Fˆi)
ρ(k′∗Fˆi)
σ
]Ii(k, k′)
− α
π
1
45
( e
m2
)2{
8 cos(φ+ + φ−)
(
(kk′)gρσ − k′ρkσ)− 14 sin(φ+ + φ−)ǫρσαβk′αkβ
− 4[(kFˆ+)ρ(k′Fˆ−)σ + (kFˆ−)ρ(k′Fˆ+)σ]
− 7[(k∗Fˆ+)ρ(k′∗Fˆ−)σ + (k∗Fˆ−)ρ(k′∗Fˆ+)σ]}J (k, k′) +O(ǫ4) , (14)
where the details of the field profile are encoded in the scalar functions
I±(k, k′) ≡
∫
x
ei(k+k
′)x E2±(x) = E20±w20
τ
2
zR
(π
2
)2
×
[
2√
w20(k⊥ + k
′
⊥)
2
e
−2
z2R[(k+k
′)κˆ±]
2
w2
0
(k⊥+k
′
⊥
)2
− 1
8
[( τ
2
)2(ω+ω′)2+w20(k⊥+k
′
⊥
)2]
+
√
π
2
∑
l=±1
e−
1
8
( τ
2
)2(ω+ω′+2lΩ)2−lzR(k+k
′)κˆ±eil2ϕ0±
×Θ
(
lzR(k + k
′)κˆ± − 18w20(k⊥ + k′⊥)2
)]
, (15)
and
J (k, k′) ≡
∫
d4x ei(k+k
′)x E+(x)E−(x) = E0+E0−w20
τ
2
zR
(π
2
)2
×
∑
l=±1
{
1√
w20(k⊥ + k
′
⊥
)2 + 16( 2
τ
zR)2
e
−2
z2R(kz+k
′
z)
2
w2
0
(k⊥+k
′
⊥
)2+16( 2τ zR)
2
× e− 18 [( τ2 )2(ω+ω′+2lΩ)2+w20(k⊥+k′⊥)2]eil(ϕ0++ϕ0−)
+
√
π
2
e−
1
8
( τ
2
)2(ω+ω′)2+2( 2
τ
zR)
2−zR[l(kz+k
′
z)+2Ω]eil(ϕ0+−ϕ0−)
× 1
2
[
1 + erf
(
zR[2Ω + l(kz + k
′
z)]− 18w20(k⊥ + k′⊥)2
2
√
2 τ2zR
−
√
2
τ
2
zR
)]}
. (16)
The expression in the first line of Eq. (14) corresponds to the sum of the individual photon
polarization tensors in pulsed Gaussian beams propagating in ±z direction, respectively; cf. [12].
The additional terms are ∼ E0+E0− and hence describe effective couplings to the electromagnetic
fields of both beams. Note the much richer tensor structure for the superposition of two pulsed
Gaussian beams as compared to that for a single Gaussian beam. Of course, in the limit of
E0∓ → 0 the polarization tensor in a single Gaussian beam propagating along ±z is recovered.
The expression derived here is, e.g., relevant for the study of optical signatures of quantum
vacuum nonlinearity in the superposition of two counter-propagating high-intensity pump laser
pulses. It can, e.g., serve as an important input for a study of vacuum birefringence along the lines
of [14, 15] in this alternative background field configuration, and can facilitate a detailed study
aiming at clarifying the question which field configuration maximizes the birefringence signal for
a given pump laser energy: By adjusting the field strengths of the individual beams accordingly,
the background field configuration adopted here allows for a continuous deformation from the
limit of a single propagating Gaussian beam, to the superposition of two counter-propagating
Gaussian beams of equal strength which more closely resemble a standing-wave background field
configuration.
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